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Test for Semi-isomorphism using Higher Moments of Intensities*+
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The multiple isomorphous replacement method of determination of non-centrosymmetric crystal struc-
tures is the one often used in protein crystallography. For this we require a minimum of three crystals,
namely (i) the native protein (ii) the native protein with a group of heavy atoms and (iii) the native
protein with a group of heavy atoms at locations different from those in crystal (ii). The isomorphism
existing between crystals (ii) and (iii) is called semi-isomorphism. In this paper we derive higher moments
of simple functions of normalized X-ray intensities from two semi-isomorphous crystals and show how
these can be used to test the isomorphism of the common group of atoms in the two crystals. The theo-
retical results are also verified using a few hypothetical structures.

1. Introduction

The method of using the higher moments of the sum,
difference and product of normalized intensities (de-
noted respectively by z,, z— and z,) from a pair of
crystals to test for the isomorphism of the pair has been
discussed recently by Parthasarathy & Ramachandran
(1966) (this paper will be hereafter referred to as PR,
1966) and Parthasarathy (1968). The isomorphism
dealt with in this paper (PR, 1966) are the simple re-
placement and the addition types. However, another
kind of isomorphism, which is of particular interest in
protein crystallography, occurs in the multiple iso-
morphous replacement method of phase determination
for the non-centrosymmetric crystals (Harker, 1956).
It is well known that the theory of multiple isomorphous
replacement technique requires at least three iso-
morphous crystals such that the first crystal contains
the native protein (called the Q group), the second
crystal contains, besides the Q group, a group of one
or more of heavy atoms (called the P(1) group) and
the third crystal contains, besides the Q atoms, a group
of heavy atoms (called the P(2) group) at locations
different from those in the second crystal. The iso-
morphism which exists between the first and second
crystals or the first and third crystals is the usual ad-
dition type and the method of distinguishing such a
pair from a non-isomorphous pair has been discussed
in the earlier paper (PR, 1966). The second and the
third crystals are not strictly isomorphous, because of
the presence of different P(1) and P(2) groups in the
two crystals, and they are not strictly non-isomorphous
because they have common group of Q atoms in the

two crystals. We shall therefore describe such a type
of isomorphism existing between the second and the
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1 The importance of studying this problem was brought to
the notice of the authors by a referece of Acta Cryst. (see foot-
note on p.164 of Parthasarathy & Ramachandran [Acra
Cryst. (1966), 21, 163].
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third crystals as ‘semi-isomorphism’. A statistical test
for semi-isomorphism could be useful as a preliminary
step in the multiple isomorphous replacement method,
since it offers an additional confirmation of the iso-
morphism of the Q group as obtained from the tests*
conducted using data from pairs 1 and 2 and pairs 1
and 3. In this paper, we shall obtain the expressions
for the higher moments of the normalized intensity
variables z,, z_ and z, and show how they could be
used to test the isomorphism of the Q group of atoms
in the semi-isomorphous pair of crystals. Since the
necessity for using a pair of semi-isomorphous crystals
does not arise in the case of centrosymmetric crystals,
our main consideration in this paper will be for non-
centrosymmetric crystals only.

The notation used in this paper is somewhat different
from that used in the earlier paper (PR, 1966) and this
is described in § 2. The theoretical expressions of the
higher moments of the intensity variables z,, z_ and
z, are obtained in § 3 for the semi-isomorphous pair.
A brief discussion of the theoretical results is given in
§4.

2. Definition of St and NI pairs and the description
of the notation

Following the notation in the earlier paper} (PR, 1966)
let us denote the contents of the unit cell of a pair of
crystals (both the crystals of the pair must have the
same unit-cell dimensions and space group symmetry)
as follows:

* From a computational point of view this test is not diffi-
cult to perform, since the normalized intensities of the two
derivatives and the native protein will be already available while
performing the statistical tests described in the previous paper
(PR, 1966).

1 In this paper we shall use the abbreviation I for an iso-
morphous pair (PR, 1966), SI for a semi-isomorphous pair
and NI for a non-isomorphous pair of crystals.

i Any subscript within parentheses refers to the number of
the isomorphous derivative; for example rp(;: denotes the
position of the ith atom in the group P(j).
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Crystal (1)
P(D[feay» Trayd+ Qlf ok Yoyl
Crystal (2)
PQ)fe Trril+ QLS aws Taeand
i=1to P(l), j=1toP(2), k=1toQ
P(1)#-P(2), fP(lﬁé'f}v(z)

Tp)i Z¥pyy, for anyiorj

Here the symbol #-isused to denote that the quantities
concerned may or may not be equal and the symbol #
is used to denote that the quantities concerned should
not be equal.

For an ST pair,

ok =Yk =Yok» SaY,
while for an NI pair,
Youx#Toa for any R.

The structure factor equation for a reflexion H
(=hkl) for the ST pair will be

Fyay=Fpay+Fo, i=1,2 (1)

where* N(i)=P(i)+ Q, i=1 to 2 are the total number
of atoms in the unit cells of the two crystals (Fig. 1).

Following the notation used in the earlier paper (PR,
1966) we shall write

2 .2 2 i
Oy =0pmy+006, i=1,2 2
2 2 2 2 _ 2.2 P
Ul(i)_aP(i)/aN(i)a 02(1)_UQ/UN(1)1 i=1,2 3
a%(i)"'a%(l): 1, i=12 4

* Note that P(i) and Q denote the number of atoms as well
as the name of the group.

y
A
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Frne) F -
N() q’(g -
Yo
Fa
(4] —

X

Fig. 1. Argand diagram showing the relation between the struc-
ture factors of a semi-isomorphous pair of non-centro-
symmetric crystals.

Since both in the ST and NI types, the two crystals of
the pair contains the same number and type of atoms
in the Q group, it is clear that o5,=0%.,=0%, say,
and this property is used in equation (2). The normal-
ized intensity in the two crystals of the SI pair will be
given by

Zn= |FN(i)I2/U%I(i)
=[1Fpy|* +1Fol? + 2| Fpl| Fol&:l/ ok
=03 Ya+ SV

+2011)02iy YrayVobis  i=1,2. 5)

where y, and yp(;, are the normalized structure am-
plitudes and ¢; is the cosine of the angle between Fp;
and Fj,.

Following the earlier paper (PR, 1966) we define
the intensity variables z,, z_ and z, as

2y =Zgyt 2o and z,=24)Zy (6)

In the case of an NI pair of crystals, the structure
factor equation would be given by

Fyay=Fpawy+Fowy, i=12.
so that the normalized intensity would be given by

Zwy=03wmYow + T Ve

+2010020 Ve Yowtis i=1,2. (7)
The quantities Yo, Ypa)» Yr2y» & and &, in equation (5)
are evidently independent random variables and so are
Yawy Yaw» Ve Yeeys & and &, of equation (7). From
equations (5) and (7) it is clear that the moments of
z, or z, will depend on whether the pair are ST or NI
and hence these higher moments can be used as criteria
for testing whether a pair of crystals is of the S or NI
type. Since the first few moments of z, and z, would
suffice in practice (PR, 1966), we shall obtain the ex-
pressions of {(z&> for n=2, 3 and 4 when m= + and
for n=1,2 and 3 when m= x in the next section.

3. Derivations of the higher moments of z,, (m= +,x)
for an SI pair
(a) The sum and difference variables

From equations (5) and (6) we obtain the expressions
for the sum and difference varibles as

Zy = al)’%) +a:Y¥ryé1
+a3YeVp@e2+ GVeay tasyEay  (8)
where we have used the following simplifying notation:

a; =03 £ 030,

a2 =2051)01(1)

a3= 1 2050y012)»

Q4= Ui(l),

as= +20%,, . ©)

In equations (9) the signs + in ay, a3 and as correspond
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to z, respectively. To obtain the expression of {z%),
we have to expand the expression for z} by using the
multinomial theorem and then use the statistical theo-
rems given in equations (17) and (18) of PR (1966).
Since the procedure in the present paper is the same
as that used in the previous paper (PR, 1966) we shall
omit all the intermediate steps and list only the final
results. The final expressions* for the second, third and
fourth moments of z. are:

<Zi> = a§B4(1) + (1234(2) + 2[1% + %(a% + a%)

+2(aya, + ayas+ a,as) (10

{23 )=0a;Bs1y+ 2By + 3[ai(a, + as) + $a3a,) By
+3[a¥(a, +a,) + 3a3as] Bacay
+6[ai+a(a,+as)

+ aya,a5] +3[a3(a, +3as) + ai(ay +3a,)] (1

{z4>=aiBsq) + 3By +[4ai(a, +as) +3a5a3] Becry
+[4ai(a, + as) + 3a3a3] Bo(oy + 60305 Bycry Bacay
+[3a3(}a3 +2a,a5 +4a,a,)
+3ai(4al + a3 +4a,a5)] Bu)
+[3a3(4a3 + 2a,4a5 + 4a,as)
+3a3(4al + a3+ 4a,a,)] Byzy
+6[4ai(a; + as+ as) +4dda,as
+3aX(ad+ ad) + Laal
+2ad2a,as+ 2d3a,a,). (12)

A study of equations (10) to (12) shows that the

moments of z; depend on the values of B,q,, i=1,2

which in turn depend on the number of atoms in the

P(i)-groups and the symmetry of the crystal. For the

important cases, namely when P(i{)=1-2 and many

(i.e. MA and MC cases of PR, 1966) the values of

B,y for crystals of the triclinic system are given in

Table 1. For other space groups the values of B,q,

could be obtained from Foster & Hargreaves (1963).

Substituting the values of B,,, thus obtained, we can

arrive at the final expressions for the higher moments

of z, in any particular case. In anticipation of the
derivation of the higher moments of z, in the next sec-
tion it may be noted here that the above arguments for
obtaining the final expression of the higher moments
of z, also holds for the product variable z,.

Table 1. Values of B, for n=4,6 and 8
in a crystal of symmetry P1

P(i) n
4 6 8
1 1 1 1
2 R B
MC 3 15 105
MA 2 6 24

* For convenience we shall write By to stand for
{¥%c1y in these expressions.

(b) The product variable

From equations (5) and (6) we obtain the expression
for the product variable:

Zy=biyb+ bz}’%)}’%’u) + bs)’%zyg’a)
+baYey Yoy +bsyaYemé
+b6yaYrer+ b1y Ve Vre2
+st’Q}’P(1)J’%’(2)31
+boyaVrayYr18z -

(13)
The quantities b,, i=1to 9 in equation (13) are given by

by=0341)0302y, b= 011032y b3= R ton
by=011y01 2y bs=2021)011)03 2>
be=20%1y022012 b7= 20} (102010225
by=2021)011y01(2y» Do =4011)0120921)022) -

(14)

By following the method outlined in a previous
paper (Parthasarathy, 1968) we can easily obtain the
higher moments of z,. The final expressions are given
below.

<Zx>=2b1+b2+b3+b4 (15)

<Z>2< > =2(b3+ ﬁb% +b2b4) Bary + 2(b§ +&b§ + b3b4)B4(2)
+ B3B3y Baay + 24b3 + 3(b%+ b2) + b5
+12b,(b, + bs) +4b,b3+ 2(bsbg + bebs)

(z3%)=3b3(2b3+ 2b,b,+ b3) By
+ 3b3(2b5 4 2b3bs + b3) Bsay
+3(b3b, +1b2b,) Bs(1y Bacay
+3(b2b3 +1b3b4) Ba1y Beay
+ b3 Be1yBeay + 9[2b3(4b, + bs) + b3(4b, + by)
+ b3by + 3b3b, + 2b,(2b1b4 + bsbs + bebr)
+ bsbabg] By + 9[2b5(4b, + by) + b(4bs + by)
+ bby + 3b3bs + 2b3(2b; b4+ bsbs + beb,)
+ bgbsby] Bacay + 3[2b3b, + b3bs + b3b, +3bjb,
+4b,b3by+ 2b4(bsbs + bbs) + b1bsbe]l Bacty Bz
+36[20b3 + 2b%(5b,+ 5bs+ by) + b%(5b,+ b,)
+ b3(5b, + b,) +4b3by + 2b,(b;bs + bsbs
+ beb) + bsbebs] -

(16)

a7

4. Discussion of the theoretical results

The higher moments of z, and z, for an SI pair are
functions of the quantities o3, and a3, which can be
evaluated by knowing the number and types of atoms
in the two crystals. Since the higher moments of the
normalized intensities z, are also functions of o3,
(Parthesarathy, 1966) the values of the higher moments
of z; and z, of the NI pair of non-centrosymmetric
crystals can be calculated from equation (37) of PR
(1966), equation (25) of Parthasarathy (1968), and the
equations (36) to (39) of Parthasarathy (1966). A com-
parison of the experimental values of the higher mo-
ments calculated using the observed intensities from
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Table 2. Verification of the theoretical results

E=Experimental value, SI=theoretical value for the SI pair, NI=theoretical value for the NI pair
Number of carbon

Sample atoms in Q
number group o} 632 {z2) {z3)
E 6-87 40-10
1 42 01 01 SI 7-61 43-31
NI 599 23-90
E 7-41 40-98
2 42 0-1 02 SI 6-84 40-47
NI 598 23-71
E 676 39-76
3 42 0-2 02 SI 7-24 38-89
NI 596 2354
E 7-37 46-85
4 24 01 01 SI 7-61 43-30
NI 599 2390
E 6-97 40-04
5 24 01 02 SI 684 40-47
NI 598 2371
E 6-70 35-84
6 24 0-2 0-2 SI 7-24 38-89
NI 569 23-54

(z%) (z2) (z2) (zx) (z%) z3)
3124 0-310 0410 1-642 18-87 4242
3286 0-369 0-700 1-811 19-53 5283
1189 1-990 23-55 1-000 3-98 355
3017 0-534 1-400 1-721 17-50 446-4
3227 0-455 0-899 1-600 1922 455-8
117-2 1975 2291 1-000 3:95 34-7
3168 0-574 1-384 1-545 18-61 4417
278-0 0-679 2:300 1-639 15-69 379-3
115-5 1:960 222 1-000 3:92 34-0
4207 0-371 0-469 1-749 25-40 953-6
3286 0-369 0-700 1-810 19-53 5283
118-9 1-990 23-55 1-000 3-98 355
3154 0-574 1-329 1-600 17-95 440-4
322-7 0-455 0-899 1-600 19-22 455-8
177-2 1-975 2291 1-000 395 347
258-5 0:691 1:561 1-502 14-78 314-4
2780 0-679 2:300 1-639 15-69 3793
1155 1-960 22:28 1-000 392 34-0

the two crystals, with their theoretical values, thus
obtained, for the SI and NI cases would enable one
to decide whether the given pair of crystals is of the
ST or NI type.

It may be noted here that, from one of the crystals
of the ST pair, if the P group of atoms are removed
(this can be done mathematically by making either
6%4y—>0 or ¢;,—0) the isomorphism between the two
crystals then turns out to be that of the addition type
(PR, 1966). Thus the addition type of isomorphism
can also be tested by using the expressions in the present
paper by putting ¢%,=0 or ¢},,=0.

It may be worth while to note here that the theory
in this and earlier papers enable us to test whether a
given pair of crystals is of the I(or ST) type or NI type.
These results cannot however be used to obtain the
degree of isomorphism between the given pair of crys-
tals. For example, the present theory does not consider
the effects of a systematic movement of the Q group on
the higher moment test and this is particularly im-
portant from a practical point of view. The theory for
this problem is under investigation.

5. Verification of the theoretical results

The theoretical results were tested in a few two-dimen-
sional models of the S/ type. Since in protein crystals
the value of 63, is small (say o%(;, <0-2), because of the
very large number of light atoms (Q group) in the unit
cell, the theoretical results were tested on hypothetical
models in which o3, is in this range (Table 2). All the
models were based on the plane group pg with two

atoms in the P (i) group (i.e. P(1)=P(2)=2). The num-
ber of atoms in the Q group (i.e. the common part)
in the two crystals are also given in Table 2. The scat-
tering powers of the atoms in the P(i) group (i=1,2
were so chosen as to give the required values of ¢3;,
(i=1,2). The values of the higher moments of z, and z,
thus calculated are shown in Table 2, and these corres-
pond to the ‘experimental values’ (denoted by E in this
Table). The theoretical values of the higher moments
of z, and z, for the S7 and NI cases were calculated as
stated in § 4. A comparison of the experimental values
of these higher moments with the corresponding theo-
retical values for the S7 and NI pairs confirm that all
the structures chosen are of the S7 type. A study of
this Table also shows that though all the tests prove
that the crystals taken are of the S7 type, the second
and fourth moments of z_ are the best parameters for
testing for the isomorphism of the common group of
atoms in the S7 pair of crystals.

The authors are grateful to the referees for their
useful comments and for having suggested the problem
of calculating the higher moments when there are fi-
nite errors in the coordinates of the Q atoms.
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